In this article we derive summation and product identities for Fibonacci and Lucas numbers. The results have a general character and contain some of the existing results as special cases.
Introduction
The Fibonacci numbers F n and Lucas numbers L n are defined for n ≥ 0 as,
with initial conditions F 0 = 0, F 1 = 1 and L 0 = 2, L 1 = 1, respectively. The Binet forms are given by
where α and β are roots of the quadratic equation x 2 − x − 1 = 0, i.e.
Clearly, we have α > 1, −1 < β < 0, α + β = 1, αβ = −1, α 2 = α + 1 and β 2 = β + 1 (see [4] ). Sums and products of these numbers are studied among others in [1] , [2] , [3] and [5] . In [5] Melham and Shannon have derived among others interesting summation and product identities using the inverse hyperbolic tangent function (tanh −1 ). For complex arguments z, tanh −1 (z) is defined by
It is a multivalued function with a branch cut in the complex plane. We will treat tanh −1 (z) as a real valued function. Basic properties of the function are tanh −1 (x) − tanh −1 (y) = tanh
and tanh
Using the above properties, Melham and Shannon produced the following two striking formulas for the Fibonacci numbers F n
and
Similar results also appear for the Lucas numbers L n . Motivated by these results, the aim of the paper is to carry on the study and produce extensions of the above identities. Our analysis is based on a generalization of equations (4) and (5) which can be proofed by elementary methods.
Main Result
Let tanh −1 (x) denote the real valued inverse hyperbolic tangent function. Our main result is the following statement: Theorem 2.1 Let g(x) and h(x) be real functions of one variable and let h(x) be composite with h(x) = h(g(x)) < 1. a) Define H(x) by
Then we have
PROOF: To prove Part a) observe that by (4) we have that
The statements follow from telescoping. Part b) is proofed similarly. 2
Applications
Before presenting some examples that contain Fibonacci and Lucas numbers, it is worth to mention that the previous theorem is not limited to a special sequence. Thus, the field of application is broad. From the many applications that we could give, we choose an illustrative list of examples that underlines the general nature of the theorem and extends existing results. In all applications g(n), n ≥ 1, will either correspond to the Fibonacci or Lucas sequence or a sequence closely related to it.
Applications Part a)
Next we give some explicit applications for Part a) of Theorem 2.1. Our first example will produce a generalization of Equations (7) and (8).
•
From Theorem 2.1 in combination with equation (6) we obtain
The last equation may be written in terms of an infinite product as
For m = 1 we can use Cassini's Identity (see [1] )
to get H(n) = 1/F 2n+2 . Thus, Eqs. (7) and (8) are special cases of (17) and (18), respectively. For m = 2 we get in the infinite case
or as a infinite product
In the same manner, using g(n) = F 2n+2 , it is straightforward to derive the following identities
Our second example will yield analogous results for the Lucas numbers L n .
Therefore,
In terms of an infinite product the last identity becomes
For m = 1 another form of Cassini's Identity for Lucas numbers (see [1] )
We continue the presentation with some slightly more advanced examples.
• We choose g(n) = F n+j , j ≥ 2, and h(
From Theorem 2.1 we get
Using the product form, the last equation can be stated as
The special case m = 1 gives
Using the well-known identity
if follows for instance that
• Let g(n) = F n /F n+j , j ≥ 2, and h(x) = x/m, m ≥ 1.
Observe that in this case lim n→∞ g(n + 1) = α −j . The equation for H(n) is stated as
To derive the equation we have used (35) and the formula
Hence,
(40) Using the product form, the last equation becomes
(41) Special cases of the last identity for (m, j) = (1, 2), (1, 3) and (2, 2), respectively, are
• Let g(n) = L n /L n+j , j ≥ 1, and h(x) = x/m, m ≥ 1. Again, taking the limit we get lim n→∞ g(n + 1) = α −j . The equation for
(48) Varying the parameters m and j many examples could be given. We state the product results for the special cases (m, j) = (1, 1), (1, 2) and (2, 1), respectively:
For our final example, we choose the following structure for g(n):
Then lim n→∞ g(n + 1) = 1/ √ 5 and
Thus,
(54) The equivalent product identity reads as
with
In case m = 2 we use the identity
which can be proofed without effort to establish that
Applications Part b)
We continue providing examples for Part b) of Theorem 2.1. Our first example generalizes another result found in [5] .
• Let g(n) = F mn+2 , m ≥ 2, even and
(63) In case m = 2 we use the identity L n = F n+1 + F n−1 , n ≥ 1, to get
The last two equations appear as Eq. (4.1) and (4.3) in [5] . The case m = 4 gives
We conclude with the following application:
• Let g(n) = L mn , m ≥ 2, and h(x) = 1/x. This gives
In case m = 2 we use the identity L 2n = 5F 2 n + 2(−1) n to obtain
